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ABSTRACT

Chiral bosons coupled to abelian gauge fields are considered using Siegel ap-
proach to chiral bosonic theories. The quantization of the system is carried out in
the Schrodinger representation after using the BRST procedure to deal with Siegel
gauge invariance. It is shown that the system contains the same physical degrees

of freedom as the corresponding chiral Schwinger model.
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Chiral bosons have received much attention in the last years due to their
presence in the construction of many string models. There are two proposals for
the Lagrangian formulation of chiral bosons [1,2]. The Siegel action [1] describes
chiral bosons through the introduction of an auxiliary-gauge field. This action has
a gauge invariance (the so called “Siegel symmetry”) which is anomalous at the
quantum level. However, this anomaly can be cancelled by the introduction of a
local counterterm [3,4]. Furthermore, it was shown in [4] that a BRST quantization
of the modified Siegel action leads to chiral bosonic degrees of freedom only if an
auxiliary-gauge field is introduced for each couple of bosonic fields. The presence of
the anomaly cancelling term in the modified Siegel action has made its consistent
coupling to gravity rather difficult. In fact, only N = 2 supersymmetric extensions
of Siegel action have been coupled consistently to gravity (supergravity) leading
to a Lagrangian bosonic formulation of the heterotic string [5]. Other approaches
[6,7,8,9] have given only a partial solution to the problem. The other proposal for a
Lagrangian formulation of chiral bosons [2] does not make use of auxiliary fields at
the price of not having manifest Lorentz invariance. Surprisingly, this formulation
seems to have given the simplest path for the coupling of chiral bosons to gravity

[10,11] and to supergravity [12].

In this letter we present in the Siegel formulation the quantization of chiral
bosons coupled to abelian gauge fields. Our starting action is based on the one
proposed in [6]. Upon quantization, we show that this model is equivalent to the
chiral Schwinger model [13] with two chiral fermions of the same chirality and arbi-
trary charges. The chiral Schwinger model has been analyzed from many points of
view [14] and recently it has been quantized using the Schrédinger representation
[15]. We use this representation in our quantization after dealing with the Siegel

symmetry within the BRST formalism.

Before presenting our analysis let us state our notation. We work in a flat
two-dimensional Mikowski space with metric n°?. We label our coordinates by o
and 7 where o is spatial and lying on the circle (0 < ¢ < 27) and 7 is temporal.

The signature of our metric is such that 7 = —n™" = 1. Often we will label our
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coordinates by o = %(O’ + 7), so that 04 = %(&, +0;).
Let us consider two bosonic fields ¢(7,0), i = 1,2 with U(1) charges e’ and
a vector field A, (7,0). Our starting Lagrangian is the modified version of Siegel

action for two bosonic fields [3,4] coupled to the abelian gauge field A, [6]:

| . A A .
L=—-0;9'0-¢"+ 5)\++(D+¢Z)(D+¢Z) —aX"t w9, Dy g’ 0
1
+2A,€'0_¢" + iFaﬁFaﬁ — %aeQA+A,,

where a sum over repeated indices, either latin or greek, is understood. Several
remarks regarding this Lagrangian are in order. The field AT+ corresponds to
the auxiliary-gauge field of the original Siegel action [1]. Notice that classically
(i.e., when o = 0) the field equation of A** imposes the U(1) invariant chirality
condition on ¢!, D, ¢’ = 0, where D, is the U(1) covariant derivative, D, ¢’ =
0,¢" — e'Ay. The third term of the Lagrangian corresponds to the anomaly-
cancelling term found in [3,4]. The factors w® are any real numbers such that
w? = wiw' = wrw! + w?w? = 1 (see [4]). The factor a will be determined to
cancel the anomaly related to the Siegel symmetry. The coupling of the bosons
to the gauge field is given by the fourth term in (1). Notice that only the (say)
right-handed part of ¢’ couples to the abelian gauge field. It is simple to show that
that the Lagrangian (1) leads to the expected U(1) anomaly [6]. In fact, under the
transformations §¢° = €', §A, = 0,0 this Lagrangian leads to the most general
form of the anomaly [13]. Notice that the last term in £ (i.e., the mass term)
has been included to obtain this general form. In this mass term «a is an arbitrary

parameter and e? = e’e’ = ele! 4 e2e2.

The action corresponding to the Lagrangian (1) transforms under the Siegel
Ssyminetry,
§¢" =" D, ¢" + aw'd €T,

SATT =20_€eT — ATTO et +eta AT,

(2)

into

58 = —a? / d>o ANTT0,0,0,€t, (3)

where we have used the fact that w? = 1. The form of 6.5 is the right one to cancel
the anomaly in the Siegel symmetry [3,4]. The determination of the parameter «

will be carried out during the BRST quantization of (1), which is our next task.

To BRST quantize (1) with the symmetry (2) we follow closely the steps in
[4]. Let us introduce the anticommuting ghost field ¢ and antighost field b, , , as
well as the commuting Lagrange multiplier B4 . The BRST transformations are

obtained from (2):

§B¢' =A(ct D¢ + aw'd,cT),
SBATT =A(20_cT — AT et + cto ),

§Bet =Acto,ct, (4)
§Pbyy =AB.y,
8By =0,

where A is an anticommuting constant parameter. We choose a gauge where

AT+ = 0. The BRST Lagrangian is obtained by adding the following term to (1):

i ~
Loryrp = — §5B(b++)\++)
(5)

= — %(B++)\++ — 2b++3_c+ + b++/\++5+c+ — b++C+8+>\++),

where 6B refers to the BRST transformations (4) without the A parameter. After
shifting the field B, in such a way that all the AT terms but B, A" drop from
L+ Larirp, and integrating By and ATT out, we obtain the BRST Lagrangian,

o | 1
Lq=—0.0"0_¢" +ibi 0_ct +2A 0 _¢" + ZFWFW — 5@62A+A_. (6)

The corresponding conserved BRST current associated to the BRST symmetry



turns out to be,

I =" ((D40")(D4¢") — 2a0' 04 Dy ¢" +iby 1 0y ¢T + §5+b++0+)- (7)

Our next step is to carry out the quantization of £, in the Schrédinger rep-
resentation. Operators will be time-independent and all time-dependence of the
theory will be left in the states. The canonical commutation and anticommutation

relations are,
[6'(0), 7 (0")] =i6(0 — 0")8",
[A(0), E(c")] =id(oc — o), 8)
1

{*ﬁbH(U), (o)} =d(0 — o),

where,

71—25 = T¢i - \/ﬁeiA+,
E=0;A, — 0, A,.

The Hamiltonian corresponding to the Lagrangian (6) is:

2
1. . 1 , . . o
H— /da (574 + 3008 (@06 — €' (Ag + A,) (@06 — ) + 5B + EO, A,
0

+ %e2((1 —a)A2 +2A, A, + (14 a)A2) —

i

ﬂb++agc+>.

(10)
Notice that the component A, of the vector field does not have canonical mo-
mentum and so, since there is not U(1) gauge symmetry in our system, it can be

regarded just as a Lagrange multiplier.

We define the components of the Fourier expansions of our fields in the fol-

lowing way:

¢'(0) =

1 ) i 1 . . .
7 + — - Oé:lezno + d:lefzna )7
= (¢ V32! )

- §

) ) 1 o .
ﬂ_l o) = 7 + a;ezno’ + d;’e*lno' ) ,
bo) == (b + 5 D )

n#0

1 ) 1 ) ~ )
Ag(0) =—=(a0 + —= D> —(Bne™ + Bne™")),
s ( 0 V2 n%;o n )
1 1 ) ~ .
E(U) = T + —= (57161”0 + 6716_1”0) )
s ( 0 V2 g&:o )

A, (0) = (Ao + 75 % Ao )

On these components, the commutation and anticommutation relations (8) imply,

[¢67 p(j)] :i(sij’

i _ ij
m» aﬁz] _m§m+n6 ]7

[a m,n €7Z, m,n#0,

[aL,, 7] =mbmind”, m,n €Z, m,n #0,

{bn, cm} =0ntm,
(90, 0] =i,

(B Bn] =mbmin,

[Bma Bn] :m5m+n7

m,n € 7, (12)

m,n €7, m,n#0,

m,n €7Z, m,n+#0,

while all other possible relations vanish.

Once we have quantized the theory in this way let us discuss the content of
the Fock space made out of the operator components in (11). We interpret the o,

&', Bn and 3, as harmonic oscillator raising and lowering operators for negative or



—6—
1 . . .
: = aln? a:’j = ain’ 6’;"; = ﬁ_n7

/6’); = B_p, for n > 0, and so the Fock vacuum |0 > is the state which satisfies,

positive n, respectively. In this interpretation «,

Al |0 >= G110 >= 8,]0 >= ,]0 >= (o]0 >= b, |0 >= ¢,|0 >= o0 >=0, n >0,

(13)
with Gy = (zqo mo). The Fock space is made out of the operators in (11) with
n < 0, and by 50 and ¢, acting on |0 >. This choice of vacuum allows to use the

ordinary normal ordering prescription [4]. Notice that we have,

(b + V2 ane™™), (14)

n#0

—0p ' + 7rfz, \/7

and so we can identify af, with the harmonic oscillator operators corresponding to
the right-moving part of ¢*. A similar calculation for 8,¢" + wé leads to interpret

the operators &/, as the corresponding to the left-moving sector.

The computation of the BRST charge @ associated to the BRST current (7)

is straightforward. First, notice that using (9) one obtains,

L (050" + ). (15)

Dig¢' = 7z

Utilizing this fact and (7) together with the expansions (11) one finds for the
BRST charge,

2m
Q\/;/dJJB
0

(16)

N =

= Z (Con@lyyn@ ) — (0 —M)C_nCombnim) :
m,

+ 2iy/Tow’ Z ne_nal, — peo,
n

where p is a c-number which accounts for the normal ordering ambiguities in @

and we have defined,

ap = (17)

Lo
ﬁpo-
The form of @ is identical to the one found in the free case in [4]. As it was shown

there, the operator @ is nilpotent only if

Furthermore, we may apply the BRST analysis of the Fock space carried out in
[4] to our case. As a result, the states |® > of our Fock space which satisfy the
BRST condition,

Qe >=0, (19)

are those made only of the harmonic oscillator operators o, and the ones corre-
sponding to the vector field. This fact permits to define the following effective

Hamiltonian in this reduced Fock space:

27
1 ; ; ; - 1
Heff = /da (Z(aoqs - Wfb)2 - eZ(Aa + AT)(&,QSZ - ﬂ-;) + §E2 + EaUAT (20)
0

+; (1= )42 + 24,4, + (1+)A2)),

i.e., H% is the form of H when restricted to act on the reduced Fock space defined
by condition (19). This is because the coefficient of ¢y in the expression for @ in
(16) is proportional to difference H — H*f. This reduced Fock space constitutes
the physical Fock space of the theory. Notice that all the left-moving modes of ¢
as well as all the ghost components have dropped from H. In H°f the dependence
on the zero mode pj is irrelevant since one of the consequences of condition (19) is
that on the physical Fock space pjy = 0 [4]. Our next task is to obtain the spectrum
of the theory in the physical Fock space. This will be achieved by diagonalizing the
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effective Hamiltonian H° in (20). In order to do that let us first of all determine

A, from its equation of motion (;STHT = 0. For a # 1 one has:

1

ST

T — 0,¢") + €2 Ay — 0, E). (21)
Taking Fourier components in (21) we obtain :

1 o
A = () 2
0 762(a71)(ep0+6 ),
(22)

. e2 e2 .
A, = 22'6’04;—1—(77,— ;)ﬁn—i—(n—i—z)ﬁ;&)

—
e2(1—a)
From (22) and the commutation relations given in (12), it is simple to check that:

[An,A] =0, m,n #0. (23)

In terms of the harmonic oscillator operators, the Hamiltonian H*® can be

written as a sum of two contributions corresponding to zero and non-zero modes :

=H.+ Y Hpy.(n), (24)

n>0
where,
3 e?a®
He=5 2(a—1) (25)
and,
Ho(m) =50 o+ Leiad (B, - 6) + 20+ SED) a1, 4 51,)
(26)

2, _
(1- w)ﬁnﬁn %ALAnﬁ-h.c.

R

In deriving (25) we have used the fact that on the physical Fock space p§ = 0.
In (26) A,, must be understood as the dependent expression given in (22). Let
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us consider first the zero-mode Hamiltonian. The terms in H, correspond to a

harmonic oscillator of frequency M , with

(27)

Notice that M? is positive (i.e., there are no tachyons in the spectrum) when
a > 1. Henceforth we shall restrict ourselves to this range of the parameter a. On

the other hand if we define the operator,

d= (iMqo — 7o), (28)

1
VoM
which satisfies the commutation relation:

[d,df] = 1. (29)

H, can be written as:

H, = Md'd. (30)

In order to diagonalize H,,(n) let us define the operators:

1 ; i 1
dy = (e ogeion = 38 + BB, — 50+ B,)5)).
1 ia , ; 1 1 At
a, _7 e \F(ﬂrﬁ-ﬁT)
al =—— (ela2 —ée%al),

where n > 0 and:

2:|: 2.2
En=vVn2+ M2, Ay=_—-°2 (32)

n(a—1)

Notice that in (31) df, # d_,,. It can be checked that these operators satisfy the
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following commutation relations:

@b, a 1] =6,n0, n,m >0,
(33)
[y, dl ] =6pm, n,m # 0.

while any other commutators vanish. The fact that the definitions (31) lead to
relations (33) imply that the transformation involved is unitary. In terms of these
new harmonic oscillator operators the Hamiltonian H,,,(n) can be written as:

Ho.(n) = nat'al + Bp(didy, +d,d_n). (34)

The n # 0 spectrum matches perfectly well the zero-mode energy levels and in
fact introducing (34) and (30) into (24) we have for the total Hamiltonian :

He = Z na:LTa’iL + Z Vn? + MQdIzdn- (35)

n>0 neZ

where we have denoted d by d,—g. We thus see that the spectrum of the theory
consists of a massive boson of mass M together with two massless right-handed
excitations. Observe that only half (n > 0) of the modes appear in the massless
contribution to H°%, so these particles are really chiral. The spectrum is perfectly
relativistic and in fact is identical to the two flavour chiral Schwinger model in

which two right-handed massless fermions are coupled to the gauge field [15].

The transformation of the harmonic oscillator operators that we have used
to diagonalize the Hamiltonian is nothing but a Bogoliubov transformation. This
means that the particles that appear in the spectrum can be considered as collec-
tive modes of the oscillators that we used to build our reduced Fock space. The
true vacuum of the theory is not the Fock vacuum that we defined in (13) but
instead is a coherent superposition of our initial Fock states obtained by acting on

|0 > with the Bogoliubov transformation.

7117

It is important to point out that within this Siegel approach it is only possible
to formulate the model with an even number of chiral bosons. This is so due to
the no-ghost theorem proved in [4]. Otherwise one would not be able to obtain the
physical states all with the same chirality. In general one would need to introduce
an auxiliary field ATT for each pair of chiral bosons. The generalization of our
analysis to this general case is straightforward and one can easily check that one

obtains the same spectrum that in the corresponding chiral Schwinger model.

An alternative approach to describe chiral bosons coupled to abelian gauge
fields consists of the study of the Lagrangian of Floreanini and Jackiw [2] coupled
to an U(1) vector field. In this case it seems plausible that one may be able to
show that a system with a single chiral boson is equivalent to the correponding

Schwinger model.
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